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Abstract 
Analysis benchmarking is used to evaluate new algorithms for automated 
VCCT-based delamination growth analysis. First, existing benchmark cases 
based on the Single Leg Bending (SLB) specimen for crack propagation 
prediction under quasi-static loading are summarized. Second, the development 
of new SLB-based benchmark cases to assess the static and fatigue growth 
prediction capabilities under mixed-mode I/II conditions is discussed in detail. 
Additionally, a scheme is proposed to interpolate between known fatigue 
delamination growth rates to obtain values for mixed-mode ratios for which 
data has not been defined in the input.  Further, a comparison is presented, in 
which the benchmark cases are used to assess new analysis tools in 
ABAQUS/Standard FD03. These recently implemented tools yield results that 
are in good agreement with the benchmark examples. The ability to assess the 
implementation of new methods in one finite element code illustrates the value 
of establishing benchmark solutions. 
1. Introduction  
Over the past two decades, the use of fracture mechanics has become common 
practice to characterize the onset and growth of delaminations [1, 2]. In order 
to predict delamination onset or growth, the calculated strain energy release 
rate components are compared to interlaminar fracture toughness properties 
measured over a range from pure mode I loading to pure mode II loading [2]. 
The virtual crack closure technique (VCCT) is widely used for computing 
energy release rates based on results from continuum (2D) and solid (3D) finite 
element (FE) analyses, and to supply the mode separation required when using 
the mixed-mode fracture criterion [3, 4]. Recently, VCCT was implemented 
into several commercial finite element codes such as ABAQUS/Standard®, 
Nastran™, Marc™, and Ansys®. As new methods for analyzing composite 
delamination are incorporated into finite element codes, the need for 
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comparison and benchmarking becomes important, since each code requires 
specific input parameters unique to its implementation. A software independent 
approach based on Linear Elastic Fracture Mechanics (LEFM) was recently 
presented [5].  The approach allows the assessment of  the mode I, II, and 
mixed-mode I and II, delamination propagation capabilities in commercial 
finite element codes under static loading which was demonstrated for the 
implementation in ABAQUS/Standard® [5]. The capabilities of other codes, 
however, were not assessed at the time. The approach was then extended to 
allow the assessment of the delamination growth prediction capabilities under 
fatigue in commercial finite element codes [6]. This approach was similar to 
the static case. First, benchmark results were created manually using the VCCT 
implementation in ABAQUS for static onset. Second, using the VCCT-based 
automated propagation analysis, a delamination in a finite element model was 
allowed to propagate. In general, good agreement between the results obtained 
from the FE propagation analysis and the benchmark results could be achieved 
when the appropriate input parameters were selected. 
The objective of the present study is to create new benchmark examples based 
on the Single Leg Bending Specimen (SLB) [7], shown in Figure 1, and 
demonstrate the use of these benchmark cases to assess the performance of 
automated crack propagation prediction capabilities in ABAQUS Standard 
2018 FD03 [8]. These capabilities are VCCT-based and allow crack 
propagation between two user-defined surfaces into a predefined zone of 
initially tied, coincident node-pairs which are successively released [8]. Mode 
ratio GII/GT in the SLB specimen can be varied by altering the thicknesses t1 
and t2 of the arms.  However, unlike other characterization tests for which 
benchmarks have been published [5], in the SLB specimen, the mode ratio is 
also dependent on the delamination length, a. Benchmarking, therefore, must 
be used to assess the appropriate implementation of mixed-mode failure criteria 
in finite element codes intended to be used for automated crack growth 
analyses under quasi-static and cyclic loading. 
 
Figure 1:  Single Leg Bending Specimen (SLB). 
Figure 1. Single Leg Bending Specimen (SLB) [x].
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A Benchmark Example for Delamination Growth Predictions Based on the 
Single Leg Bending Specimen under Fatigue Loading 
In this paper, the development of fatigue benchmark cases based on the SLB 
specimen with identical and different arm thicknesses, t1 and t2, is presented. 
First, benchmark cases based on Linear Elastic Fracture Mechanics (LEFM) 
and VCCT, which have recently been developed for crack propagation 
prediction under quasi-static loading, are briefly discussed [9]. Second, based 
on these quasi-static benchmark results, additional benchmark cases to assess 
delamination propagation under fatigue loading are created. Third, a 
comparison is presented, in which the benchmark cases are used to assess new 
analysis tools in ABAQUS/Standard FD03. Results obtained from VCCT-
based, automated fatigue propagation analyses are compared to the benchmark 
cases. Lastly, the significance of the results is discussed. 
 
2. Analysis Benchmarking 
In a previous study, the development of VCCT-based benchmark examples for 
delamination growth prediction under cyclic loading was presented in detail 
[5]. This approach was then extended to allow the assessment of the 
delamination growth prediction capabilities under fatigue in commercial finite 
element codes [6]. The examples were based on two-dimensional (2D) and 
three-dimensional (3D) finite element models of the Double Cantilever Beam 
(DCB), End-Notched Flexure (ENF) and Mixed-Mode Bending (MMB) 
specimens. All benchmark examples were designed to be independent of the 
analysis software used and allow for the assessment of the delamination growth 
prediction capabilities in commercial finite element codes. To allow further 
assessment, new SLB-based benchmark examples, were recently created, since 
they allow variation of the mode ratio GII/GT by altering the thicknesses, t1 and 
t2, of the arms [9]. Unlike previously published benchmark cases [5], in the 
SLB specimen, the mode ratio is also dependent on the delamination length, a, 
which provides an additional challenge to analysis codes with automated 
delamination propagation capabilities. 
 
2.1 Finite Element Model 
For the current study, SLB specimens made of IM7/8552 graphite/epoxy were 
modeled with identical and different arm thicknesses, t1 and t2. The material 
properties were taken from a previous study [5]. An example of the 2D finite 
element model of the SLB specimens with boundary conditions is shown in 
Figure 2a for the symmetric case (t1 = t2) and in Figure 2b for the unsymmetric 
case (t2 = 2 t1). 
Based on previous experience [5], the specimen was modeled with solid plane 
strain elements (CPE4I) in ABAQUS 2018 FD03 [8] to create the benchmark 
cases. The SLB specimen was modeled with six elements through the specimen 
thickness. Along the length, all models were divided into different sections 
with different mesh refinements. The resulting element lengths at the 
delamination tip were ∆a=0.5 mm. Additional models with element length at 
the delamination tip of ∆a=2.0 mm were also created to study the effect of 
mesh density on results from the automated propagation analysis.  
An example of a 3D finite element model of the SLB specimen is shown in 
Figure 3. Through the thickness, the 3D mesh was identical to the one 
described above for the 2D model. Along the length and across the width, a 
uniform mesh with a 1mm x 1mm element size, as shown in Figure 3, was used 
to avoid potential problems at the transition between a coarse and finer mesh. 
The specimen was modeled with solid brick elements (C3D8I), which had 
yielded excellent results in previous studies [5].  
 
Figure 2:  Two-dimensional (2D) finite element models of SLB specimens 
(∆a=0.5 mm). 
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Figure 3:  Three-dimensional (3D) finite element model of symmetric SLB 
specimen (∆a=1.0 mm). 
 
2.2 Development of Benchmark Cases for Delamination Growth Predictions 
Under Quasi-Static Loading Conditions 
Quasi-static benchmark results can easily be created for any FE analysis 
software used. The procedure is discussed in detail in a paper on benchmark 
creation [5] and is condensed here for brevity.  
• First, finite element models of the specimen with different delamination 
lengths, a0, were created. For the current example, two-dimensional finite 
element models simulating the SLB specimen were created with 19 
different delamination lengths a0 (10.16 mm ≤ a0 ≤ 80.68 mm). 
• For each a0 modeled, the load, P, and center deflection, u, at the load 
point were plotted as shown in Figure 4, where each thin solid black line 
represents a different value of a0. 
• For each a0 modeled, the total strain energy release rate, GT, and the 
mixed-mode ratio GII/GT were computed using VCCT for an applied 
center deflection u  =1.0 mm. In the current case, the mixed-mode ratio is 
a function of the delamination length, a0, as shown in Figure 5 (solid blue 
circles). A closed-form solution developed by Davidson [7] for data 
reduction yielded a constant value GII/GT =0.43 independent of the 
delamination length which was included in the plot for comparison 
(dashed grey line).  
• For each a0 modeled, a failure index, GT /Gc, was calculated by 
comparing the computed total energy release rate, GT, with the mixed-
mode fracture toughness, Gc, of the material, often computed as a 
function of the mixed-mode ratio. When obtaining the benchmark, Gc 
should be determined using the same expression for Gc used later in the 
automated analysis. In the present study, the B-K criterion, suggested by 
Benzeggah and Kenane [9], was used. It is assumed that the delamination 
propagates when the failure index reaches unity. 
(a). 3D FE model of symmetric SLB specimen (t1 = 2.19 mm, t2 = 4.39 mm).
(b). Top view of 3D FE model with angled mesh.
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• Therefore, the critical load, Pc, and critical opening displacement, uc, can 
be calculated based on the relationship between load, P, and the energy 
release rate, G, for a linear system: 𝐺"𝐺# = 𝑃&𝑃#& 	⇒ 	𝑃# = 𝑃)𝐺#𝐺" ; 		and   	 𝑢#2 = 𝑢2)𝐺#𝐺" 																				 (1) 
• For each a0 modeled, the critical load/displacement results were 
calculated using equation (1) and were included in the load/displacement 
plots as shown in Figure 4 (solid black circles). 
• These critical load/displacement results indicated that, with increasing 
delamination length, less load is required to extend the delamination. For 
the first ten delamination lengths, a0, investigated, the values of the 
critical displacements also decreased at the same time. This means that 
the symmetric SLB specimen exhibits unstable delamination propagation 
under load control as well as displacement control in this region. The 
remaining critical load/displacement results pointed to stable propagation. 
• From these critical load/displacement results (dashed thin black line and 
solid circles), a benchmark solution (solid red line) can be created as 
shown in Figure 4. If the analysis is performed under displacement 
control (prescribed nodal displacements, u), the applied displacement 
must be held constant over several increments once the critical point (Pc, 
uc) is reached, and the delamination front is advanced during these 
increments. Once the critical path is reached, the applied nodal 
displacement is increased incrementally. 
 
Figure 4:  Computed load-displacement behavior of a symmetric SLB 
specimen for different delamination lengths a0, calculated critical behavior and 
resulting benchmark case. 
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Figure 5:  Computed mixed-mode ratio for different delamination lengths, a0, 
for a symmetric SLB specimen. 
The procedure outlined above was repeated for the unsymmetric SLB 
specimen. The computed load/displacement results for the specimens with 
different a0 (thin solid black lines), the calculated critical behavior (dashed line 
and solid black circles) and the resulting benchmark case (solid red line) are 
shown in Figure 6. For the chosen configuration of the unsymmetric SLB 
specimen, the mixed-mode ratio is a function of a0, as shown in Figure 7 (solid 
blue circle). A closed form solution developed by Davidson [7] for data 
reduction yielded a constant value GII/GT =0.38 independent of the 
delamination length which was included in the plot for comparison (dashed 
grey line).  
 
Figure 6:  Computed load-displacement behavior of an unsymmetric SLB 
specimen for different delamination lengths, a0, calculated critical behavior and 
resulting benchmark case. 
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 Figure 7:  Computed mixed-mode ratio for different delamination lengths, a0, 
for an unsymmetric SLB specimen. 
 
2.3 Development of Benchmark Cases for Delamination Growth Predictions 
Under Cyclic Loading Conditions (Fatigue) 
2.3.1 Selection of load levels for the benchmark cases 
The fatigue benchmark problem for the SLB specimens were developed as an 
extension of the static benchmark results. Fatigue load levels were chosen at 
40%, 50%, 60% and 70% of the static critical displacement, uc. The 
corresponding constant loads, Pmax, and displacement, umax, were based on the 
critical load, Pc, and critical displacement, uc, for the initial delamination length 
and calculated using equation 1. The calculated maximum load, P70,max 
(70% Pc) and calculated maximum displacement, u70,max (70% uc), are shown in 
Figures 8 and 9 (dashed dotted orange line) in relationship to the static 
benchmark cases (solid grey circles and dashed grey line). For example, during 
constant amplitude cyclic loading of an SLB specimen under load control, the 
applied maximum load, P70,max, is kept constant while the displacement 
increases with increasing delamination length. For simulations performed 
under displacement control, the applied maximum displacement, u70,max, is kept 
constant while the load decreases as the delamination length increases. The 
maximum loads and the maximum displacements for fatigue load levels at 
40%, 50%, 60% were also included in the plots of Figures 8 and 9 (P40,max, 
P50,max, P60,max - horizontal lines; u40,max, u50,max, u60,max – vertical lines). 
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Figure 8:  Maximum cyclic loads and applied displacements for a symmetric 
SLB specimen 
 
 
Figure 9:  Maximum cyclic loads and applied displacements for an 
unsymmetric SLB specimen. 
 
2.3.2 Variation of energy release rate with increasing delamination length 
The energy release rates at different delamination lengths were calculated 
based on the static benchmark cases above. For an applied load level, u70,max, 
the energy release rate first increased with an increase in delamination length, 
a*, as shown in Figure 10 (triangles and dashed dotted orange line) for the 
symmetric SLB specimen. After reaching a peak it decreased with increasing 
delamination length. Delamination growth was assumed to become unstable 
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once the calculated energy release rate exceeded the fracture toughness value 
Gc (static benchmark case; solid circles and dashed grey line). For longer 
delamination length, a*, delamination growth was assumed to become stable 
again after the calculated energy release rate dropped below the fracture 
toughness value Gc. Additionally, the energy release rate dependence on the 
crack length was calculated for u60,max, u50,max, and u40,max, and the results were 
included in the plot of Figure 10 (dashed lines with solid symbols). The curves 
follow the same trend as discussed for an applied load level, u70,max, however, 
for the lower load level u40,max, (red dashed line with solid symbols) the energy 
release rate does not reach the fracture toughness value, Gc, for any value of 
delamination length. Also included was the cutoff value, Gth, (green solid 
horizontal line). For the range of crack lengths considered here, 0.0 mm 
≦a*≦45.0 mm, the computed energy release rates only dropped below the 
cutoff value for the lowest load level u40,max. Delamination growth was 
assumed to stop once the calculated energy release rate dropped below the 
cutoff value, Gth. 
 
Figure 10:  Energy release rate – delamination length behavior of symmetric 
SLB specimen for constant applied displacement. 
 
The computed dependence of the energy release rate with increase in 
delamination length, a*, for an unsymmetric SLB specimen is shown in 
Figure 11. For all load levels considered the energy release rate first increased 
with an increase in delamination length, a*.  
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Figure 11:  Energy release rate – delamination length behavior for 
unsymmetric SLB specimen for constant applied displacement. 
 
The calculated energy release rate values did not reach the fracture toughness 
value Gc (static benchmark case; solid circles and dashed grey line) for any 
delamination length. Thus, for all load levels considered, the delamination 
growth is assumed to be stable during cyclic loading for the unsymmetric SLB 
specimen. After reaching a peak the energy release rate decreased with 
increasing delamination length. After the delamination had increased about 20 
to 25 mm in length the energy release rates dropped below the cutoff value, 
Gth. Delamination growth was assumed to stop once the calculated energy 
release rate dropped below the cutoff value, Gth. 
 
2.3.3 Interpolation of mixed-mode delamination growth rates 
Typically, the number of cycles during delamination growth, NG, can be 
obtained via integration of the delamination growth rate, da/dN, often 
expressed as a power law also referred to as Paris Law 𝑑𝑎𝑑𝑁 = 𝑐 ∙ 𝐺5678 																																																																(2) 
where da/dN is the increase in delamination length per cycle and Gmax is the 
maximum energy release rate at the front at peak loading. The factor c and 
exponent n can be obtained by fitting the curve to the experimental data 
obtained from fatigue tests [10].  
In previously published benchmark cases [6], the mode ratio, GII/GT, was 
independent of the delamination length and a single Paris Law (eq. 2) could be 
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used to first create the benchmark and second as input to the automated finite 
element based growth analysis. In practical applications, however, crack 
growth rate may depend on mode mix, stress ratio, and R-curve effects [11]. In 
the SLB benchmark, as shown above, mixed-mode ratio varies with crack 
length. Since mixed-mode crack growth rates are not available for all mixed-
mode ratios determined during crack propagation in the SLB benchmark, these 
crack growth rates must be interpolated from existing data. Thus, the mixed-
mode crack growth rates may be characterized with the Mixed-Mode Bend 
(MMB) test under cyclic loading. Ratcliffe, et. al provided MMB crack growth 
rates for IM7/8552 CFRP material for 20%, 50% and 80% GII/GT mode mix 
[10]. The propagation laws for 20% and 50% GII/GT that were used in the 
fatigue calculations for the symmetric and unsymmetric SLB specimens are 
shown in Figures 12 and 13. The critical energy release rate or fracture 
toughness, Gc, is included in the plots. The cutoff value, Gth, below which 
delamination growth was assumed to stop, is also included in the plots. 
 
Figure 12:  Delamination growth rate (Paris Law) for 20% mode II. 
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Figure 13:  Delamination growth rate (Paris Law) for 50% mode II. 
Considering the various forms in which crack growth rate data may be 
published for various materials [11], a convenient interpolation scheme is 
necessary to calculate crack growth rates for a crack tip under arbitrary 
loading. A brief review of various mode mix interpolation schemes for 
interlaminar fatigue delamination growth was performed in reference 11. The 
scheme that was used in a previous publication [9] was also used here and is 
demonstrated for the case where the unknown Paris Law for the symmetric 
SLB specimen (constant 43% mode II as shown in Figure 5) was obtained from 
the known growth relationship for 20% and 50% mode II shown in Figures 12 
and 13. The first step is to convert the known Paris Law data (eq. 1) into log-
log space such that 
log 𝑑𝑎𝑑𝑁 = log(c ∙ G"8) = log 𝑐 + 𝑛 log(𝐺")							 (3) 
Which can be interpreted as the equation of a straight line 𝑦 = 𝑎𝑥 + 𝑏																																																															(4) 
where 𝑥 = log𝐺" 																																																															(5) 𝑦 = log 𝑑𝑎𝑑𝑁																																																															 (6) 𝑎 = 𝑛																																																																									(7) 
and 
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Figure 7. Delamination growth rate (Paris Law) for MMB specimen (50% mode II).
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This operation was performed for the known growth laws for 20% (green line) 
and 50% mode II (blue line) using the Paris Law upper limit (Gc) and lower 
limit (Gth) points to determine the Xc, Yc and Xth and Yth values respectively as 
sketched in Figure 14.  
 
Figure 14:  Interpolation of growth rate for unknown mixed-mode Paris Law  
 
Now the Xc, Yc and Xth and Yth for 43% mode II can be linearly interpolated 
along the dashed lines. The upper and lower limits Gc, Gth and the 
corresponding da/dN values can be calculated by reversing the operation 
discussed in equations (4) to (8) and the new Paris Law for 43% mode II can be 
determined (red line). The growth rate, da/dN, for a target point (red circle) 
with any computed combination of GT and mode ratio GII/GT can now be 
calculated. This scheme can easily be implemented into a spread sheet 
calculation or a software subroutine and was used to determine the Paris Laws 
for the symmetric (fixed 43% mode II) and unsymmetric (fixed 38% mode II) 
SLB specimen as shown in Figures 15 and 16. 
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Figure 15:  Interpolated growth rate (Paris Law) for 43% mode II. 
 
 
Figure 16:  Interpolated growth rate (Paris Law) for 38% mode II. 
 
2.3.4 Fatigue delamination growth 
For practical applications, equation (2) can be replaced by an incremental 
equivalent expression ∆𝑎∆𝑁 = 𝑐 ∙ 𝐺5678 																																																																(9) 
where for the current study, increments of Δa=0.1 mm were chosen. Starting at 
the initial delamination length, a0=10.16 mm, the energy release rates, Gi,max, 
were obtained for each increment, i, from the curve fits plotted in Figures 10 
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Figure 26. Delamination growth rate (Paris Law) for USLB specimen (38% mode II).
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and 11. These energy release rate values were then used to obtain the increase 
in delamination length per increment, Δa/ΔNi, from the respective Paris Law in 
Figures 15 and 16. The number of cycles during delamination growth, NG, was 
calculated by summing the increments ΔNi 
𝑁K = L∆𝑁M =L1𝑐 𝐺M,567O8PMQRPMQR ∙ ∆𝑎M																																																																(10) 
where k is the number of increments. The corresponding delamination length, 
a, was calculated by adding the incremental lengths, Δa, to the initial length, 
a0, 
𝑎 = 𝑎T + 𝑎∗ = 𝑎T +L∆𝑎MPMQR = 𝑎T + 𝑘 ∙ ∆𝑎																																														(11) 
For the symmetric and unsymmetric SLB specimen, the delamination growth 
phase, is shown in Figures 17 and 18, where the increase in delamination 
length, a*, is plotted for an increasing number of load cycles NG. Two sets of 
benchmark cases were created for each specimen. For the first set, a Paris Law 
for a fixed mode ratio was used as shown in Figures 15 (dashed lines) and 16 
(x and + symbols). For the second set of benchmark cases, the dependence of 
mixed-mode ratio with crack length (Figures 5 and 7) was considered (open 
symbols with thin dashed lines) and the growth rate, da/dN, was repeatedly 
calculated for each new growth increment Δa using the interpolation scheme 
discussed above (Figure 14) which was implemented in a FORTRAN routine.   
For the symmetric SLB specimen both sets of benchmark cases exhibit an 
initial slow growth phase which is followed by rapid growth where the curves 
become vertical for those displacement levels (u70,max, u60,max, and u50,max) where 
growth becomes unstable. For longer delamination lengths a phase of 
decreased growth is observed. Once a delamination length is reached where the 
energy release rate drops below the assumed cutoff value, Gth (as shown in 
Figure 10), the delamination growth no longer follows the Paris Law and stops 
(horizontal dashed lines) as shown in Figure 17. For the assessment of the 
finite element code as discussed later, it was assumed that delamination length 
increase during cyclic loading obtained from automated finite element analysis 
should closely match the growth shown in these benchmark examples. 
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Figure 17:  Delamination growth benchmarks for symmetric SLB specimen. 
For the unsymmetric SLB specimen both sets of benchmark cases exhibit an 
initial slow growth phase which is followed by more rapid growth but the 
curves never become vertical since this specimen does not exhibit unstable 
static growth. For longer delamination lengths a phase of decreased growth is 
observed similar to the symmetric SLB specimen. Once a delamination length 
is reached where the energy release rate drops below the assumed cutoff value, 
Gth (as shown in Figure 11), the delamination growth no longer follows the 
Paris Law and stops (horizontal dotted lines) as shown in Figure 18.  
 
Figure 18:  Delamination growth benchmarks for unsymmetric SLB specimen 
For the assessment of the finite element code as discussed later, it was assumed 
that the delamination length increase during cyclic loading obtained from 
automated finite element analysis should closely match the growth shown in 
these benchmark examples. 
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Figure 38. Delamination growth rate behavior for SLB  (43% mode II) specimen 
for applied cyclic displacement.
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Figure 38. Delamination growth rate behavior for USLB  (38% mode II) specimen 
for applied cyclic displacement.
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 3. Assessment of Results from Automated Fatigue Growth Analyses 
With the ABAQUS® 2017 General Availability (GA) release, DS SIMULIA 
made available an additional procedure for quasi-static, low-cycle fatigue 
analysis of interfacial or bulk material crack growth under sub-critical cyclic 
loading. For short-hand, this new procedure will be referred to herein by its 
ABAQUS® keyword, *FATIGUE, to distinguish it from the existing low-cycle 
fatigue procedure, *DIRECT CYCLIC. At first, this procedure was included 
in ABAQUS® 2017 GA as an undocumented functionality to facilitate 
extended testing prior to fully documented support in subsequent ABAQUS® 
releases which became available with ABAQUS 2018 FD02. Additional 
functionally recommended by industry [11] became available with FD03. The 
new functionality includes  
• the option for tabular input of multiple growth laws that can depend 
on mode mix and stress ratio. During the analysis ABAQUS will 
interpolate between input data. 
• the option of a user subroutine to define the various forms in which 
crack growth rate data may be published for various materials [11] 
• output of the number of cycles that can be visualized as a contour plot 
in ABAQUS CAE such that each contour represents a delamination 
front  shape after a particular number of cycles.  
In the present section, the application of the benchmark is demonstrated and 
the delamination prediction capabilities implemented in ABAQUS Standard 
2018 FD03 are assessed using the symmetric and unsymmetric SLB 
benchmark cases developed above. The effect of two different crack tip 
element sizes ∆a (∆a= 2mm and 0.5 mm) on automated crack propagation 
results was investigated. 
The parameters to define the load frequency (f=3 Hz) and the load ratio 
(R=0.1) were obtained from related characterization testing [10]. These 
parameters as well as the minimum and maximum applied displacement (umin 
and umax) were kept constant during all analyses. The input to define the 
fracture criterion and the parameters for delamination onset and delamination 
growth were also kept constant. Five specific example cases were investigated 
for the input using *FATIGUE: 
• Simplified amplitude definition 
o Case A: Standard input for a single growth law (Paris Law) 
including threshold, Gth, and static limit, Gc.  This input option has 
been available since the first release of *FATIGUE and was also 
used for the older *DIRECT CYCLIC fatigue growth option in 
ABAQUS/Standard® [6, 8]. 
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o Case B: Single growth law only without threshold, Gth, and static 
limit, Gc using the new tabular input option. 
o Case C: Case B + threshold, Gth,  and static limit, Gc  
o Case D: Growth laws for GII/GT=0.2 and 0.5 including respective 
thresholds and static limits using tabular input. Growth rates, 
da/dN, for other mixed-mode ratios (e.g. GII/GT=0.43) are 
interpolated by ABAQUS/Standard® during the analysis [8]. 
• Constant amplitude definition 
o Case E: Standard input for a single growth law (Paris Law) 
including threshold, Gth, and static limit, Gc identical to case A. 
The details of the associated ABAQUS/Standard® input files are shown in the 
appendix for each of the five cases. 
 
3.1 Results from growth analyses of the symmetric Single-Leg Bending 
specimen 
In Figures 19-23, the increase in delamination length, a*, is plotted versus the 
number of cycles, NG, for the symmetric SLB specimen. The results were 
obtained using 2D models and different ABAQUS growth law input options. 
The results in Figure 19 were obtained using the single growth law option input 
discussed above (case A) which has been available since the first release of 
*FATIGUE. For all load levels, the results agree well with the benchmark 
solutions.  
 
Figure 19:  Computed delamination growth for unsymmetric SLB specimen 
(case A) 
The unstable static growth part, where the line becomes vertical, did not cause 
a problem in the analyses. Since the computations were limited to 2 million 
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cycles, additional analyses may be required to investigate in more detail to 
verify the cutoff function gets captured correctly. 
The results shown in Figure 20 were computed for the benchmark case of an 
applied constant displacement u40,max. (GII/GT=0.43, dashed red line in Figure 
17). The results were obtained using the same input as discussed in the 
previous paragraph (case A). For additional comparison, the analyses were 
performed using ABAQUS 2018 (open black circles) and ABAQUS 
2018FD08 (open red circles). The results are identical. Additionally, an 
analysis was performed with a coarser mesh Δa =2.0mm. The results (filled red 
circles) indicate a pronounced mesh dependence. For the coarse mesh the 
growth rate da/dN is kept constant over 2mm while for the fine mesh the 
growth rate is updated every 0.5 mm. Thus, slower growth is computed for the 
coarser mesh. Frequent updates become important when the energy release rate 
increases rapidly with crack length, as shown in Figure 10, is modeled.  
 
Figure 20:  Computed delamination growth for symmetric SLB specimen 
(case A for u40,max, element length Δa=0.5mm and Δa=2mm). 
The results in Figure 21 were obtained using the new tabular growth law input 
options which were made available as an enhancement in ABAQUS 2018 
FD03 (detailed input is provided in the appendix). Using a tabular input for a 
fixed mixed-mode Paris Law (case B for GII/GT=0.43) yields results (open blue 
circles) that are in good agreement with the benchmark for that portion where 
growth follows the Paris Law. This input, however, does not capture the 
threshold where growth is expected to stop. Also, the vertical segment of the 
benchmark curve, corresponding to unstable static propagation, is not 
computed correctly (open green circles). Improved results (open squares) were 
obtained by adding specific input related to the threshold, Gth, and the static 
limit, Gc, to the tabular input (see case C). 
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Figure 38. Delamination growth rate behavior for SLB  (43% mode II) specimen 
for applied cyclic displacement.
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Figure 21:  Computed delamination growth for symmetric SLB specimen 
(cases B and C with ABAQUS tabular input for constant GII/GT=0.43). 
The results shown in Figure 22 were also obtained using the new tabular 
growth law input (detailed input is provided in the appendix). Using a tabular 
input two known mixed-mode Paris Laws for GII/GT=0.2 and 0.5 where used as 
input (case D). During the analysis ABAQUS interpolated between the known 
values to compute growth rates, da/dN, for intermediate mode ratios e.g. 
GII/GT=0.43 or for mode ratios that were constantly changing with 
delamination length. The analyses yielded results (open symbols) that are in 
excellent agreement with the benchmark and captured the threshold where 
growth is expected to stop. Also, the unstable path where static propagation is 
reached was correctly predicted (open blue squares). 
 
Figure 22:  Computed fatigue delamination growth for symmetric SLB specimen 
(case D for umax=40%, 70% uc - ABAQUS tabular input for GII/GT=0.2 and 0.5). 
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Figure 38. Delamination growth rate behavior for SLB  (43% mode II) specimen 
for applied cyclic displacement.
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Figure 38. Delamination growth rate behavior for SLB  (43% mode II) specimen 
for applied cyclic displacement.
Analyses were also performed using the constant amplitude option of 
*FATIGUE (case E), where the cyclic loading has to be defined in more detail 
using the *AMPLITUDE input (detailed input is provided in the appendix). 
[8]. Results were obtained from 2D (see Figure 2a) and 3D (see Figure 3a) 
models. In order to obtain the increase in delamination length, a*, as a function 
of the number of cycles, NG, the new cycles output in ABAQUS was used 
for the 3D case as shown in Figure 23. The cycles were displayed as contours 
and three distinct paths were created along which the number of cycles were 
retrieved.  
 
Figure 23:  Top view of plane of delamination with computed growth contours 
obtained from 3D analysis of symmetric SLB specimen. 
The results are shown in Figure 24, where the increase in delamination length, 
a*, is plotted versus the number of cycles, NG. The results from 2D analyses 
(solid circles) are in good agreement with the benchmark cases similar to the 
results obtained for the simplified cases shown in Figure 21. For longer 
delamination lengths, however, growth stops prematurely. The results obtained 
from 3D analyses (open symbols) are in better agreement with the benchmark. 
Results from the three paths are almost identical, confirming an even, uniform 
growth across the width of the specimen as indicated by the contours in Figure 
23. Similar to the 2D results, growth appears to stop prematurely. In 
comparison, the 2D model appears to capture the stable growth better while the 
3D model appears to yield better results for the unstable growth part. Further 
assessment to determine the cause of the discrepancies is required. 
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Figure 24:  Computed delamination growth for symmetric SLB specimen 
obtained from 2D and 3D analyses (case E). 
 
3.2 Results from growth analyses of the unsymmetric Single-Leg Bending 
specimen 
In Figure 25, the increase in delamination length, a*, is plotted versus the 
number of cycles, NG, for the unsymmetric SLB specimen. The results were 
obtained using 2D models and the single growth law option input (case A) 
which has been available since the first release of *FATIGUE (detailed input 
is provided in the appendix).  
 
Figure 25:  Computed fatigue delamination growth for unsymmetric SLB 
specimen (case A). 
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For all load levels, the results agree well with the benchmark solutions. For 
high number of cycles, growth stops and the last point on the curves was added 
manually to indicate the cutoff. This cutoff consistently occurred for longer 
crack lengths compared to the benchmark. More detailed investigation is 
necessary to find the source of this discrepancy. 
 
4. Summary and Conclusions 
The development of VCCT-based benchmark examples used to assess the 
performance of fatigue delamination prediction capabilities in finite element 
codes was shown in detail for Single Leg Bending (SLB) specimens with equal 
and unequal bending arm thicknesses. The benchmarking procedure is 
independent of the analysis software. Benchmark solutions are based on Linear 
Elastic Fracture Mechanics (LEFM) and VCCT. The application was 
subsequently demonstrated for automated fatigue propagation analysis using 
newly implemented algorithms in the commercial finite element code 
ABAQUS Standard 2018FD03.  
First, recently developed SLB-based benchmark cases for crack propagation 
prediction under quasi-static loading were discussed. Second, the development 
of new SLB-based benchmark cases to assess the growth prediction capabilities 
under cyclic loading and mixed-mode I/II conditions was discussed in detail. 
To be able to successfully address conditions where the growth law for a given 
mixed-mode ratio is unknown, a scheme was demonstrated for the SLB 
specimens that allows the calculation of the unknown growth rates based on 
interpolation from known data. Third, the delamination was allowed to 
propagate under fatigue loading from its initial location using the automated 
procedures implemented in ABAQUS 2018 FD03. New input options for the 
growth law were varied to study the effect on the computed delamination 
propagation. Further, a comparison was presented, in which the benchmark 
cases were used to assess new analysis tools in ABAQUS/Standard FD03. 
Analysis benchmarking was successfully used to assess the performance of the 
new analysis tools. The results showed the following: 
• In general, good agreement between the results obtained from the fatigue 
growth propagation analysis and the benchmark results could be achieved 
by selecting the appropriate input parameters. 
• For ABAQUS 2018FD in particular, the results for automated delamination 
propagation analysis under cyclic loading showed the following: 
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o Good agreement between analysis results and the benchmarks could 
be achieved when the threshold value, Gth, and static limit value, Gc, 
were included in the new tabular input.  
o Good agreement between analysis results and the benchmarks could 
also be achieved when ABAQUS interpolated the growth rates for a 
particular mixed-mode ratio from a set of known growth rates 
provided as tabular input. 
o Some discrepancies were observed when the analyses reached the 
cutoff value when delamination growth was expected to stop, 
prematurely or late. 
o Results appeared to be mesh size dependent, where larger element 
length resulted in slower delamination growth. Slower predicted 
growth was caused by the fact that delamination length dependent, 
increasing energy release rates where not updated frequently 
enough to accurately capture the increasing crack growth rates.  
Overall, the benchmarking procedure proved valuable by highlighting the 
issues associated with choosing the appropriate input parameters for the VCCT 
implementations in ABAQUS 2018 FD03. In the context of analysis 
Verification and Validation (V&V), these benchmarks may also be used for 
code and calculation verification purposes and thus serve as a valuable tool for 
software developers. Specifically, these benchmark solutions should be used to 
evaluate other algorithms for delamination prediction, such as cohesive 
elements and adaptive mesh VCCT algorithms. 
Additionally, further analyses are required to study the observed discrepancies 
between benchmark solution and results from automated delamination fatigue 
growth calculations in ABAQUS using the developed fatigue benchmarks. 
Subsequently, studies are required to validate the analyses against test results 
obtained from more complex specimens and on a structural level.  
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7. Appendix 
Specific examples for the input using *FATIGUE are shown in Tables A1 and 
A2 (ABAQUS/Standard® input file) for the five cases (case A-E) discussed 
above. 
Table A1. ABAQUS/Standard® input for simplified amplitude definition 
Case A: ABAQUS/Standard® input file for single growth law for *FATIGUE 
… 
*parameter 
*** release tolerance tol=0.01 
*** fracture toughness and BK exponent 
 GIc   = 0.212 
 GIIc  = 0.774 
 GIIIc = 0.774 
 eta=2.1 
*** growth onset parameters 
 c1=1.0 
 c2=0.0 
*** Paris Law factor and exponent 
 c3=20.89 
 c4=6.05 
*** threshold: r_1=G_th/G_c --- critical: r_2=G_pl/G_c 
 r1=0.197 
 r2=0.9 
… 
*** amplitude definition for simplified 
*amplitude, name=const 
0.,1., <Tper>,1. 
… 
*STEP, INC= 10000 
*** fatigue analysis *** 
*FATIGUE, type=simplified 
 0.01,0.1,1E-9,0.05 
3,6,2000000,1.0 
*DEBOND,SLAVE=VCCT_TOP,MASTER=VCCT_BOT,FREQ=1 
*FRACTURE CRITERION,TYPE=fatigue, MIXED MODE BEHAVIOR=BK, 
TOLERANCE=<tol> 
<c1>,<c2>,<c3>,<c4>,<r1>,<r2>,<GIc>,<GIIc>, 
<GIIIc>,<eta> 
… 
*** point center deflection for SLB, 2D-full model 
*BOUNDARY,AMPLITUDE=const 
… 
ABAQUS/Standard® input file for tabular growth law for *FATIGUE 
Case B: Simple Paris Law for 43% mode II from Figure 15 
… 
*STEP, INC= 10000 
*** fatigue analysis *** 
*FATIGUE, type=simplified 
 0.01,0.1,1E-9,0.05 
3,6,2000000,1.0 
*DEBOND,SLAVE=VCCT_TOP,MASTER=VCCT_BOT,FREQ=1 
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*FRACTURE CRITERION,TYPE=fatigue, mixed mode behavior=Tabular 
** log da/dN, log G, mode ratio, R ratio, temp  
** fixed values for 43% mode II ** SLB ** 
-6.181, -1.240, 0.43, 0 
-1.867, -0.527, 0.43, 0 
… 
Case C: Simple Paris Law for 43% mode II including threshold and static limit from Figure 15 
… 
*FRACTURE CRITERION,TYPE=fatigue, mixed mode behavior=Tabular 
** log da/dN, log G, mode ratio, R ratio, temp  
** fixed values for 43% mode II ** SLB ** 
-9.000, -1.241, 0.43, 0 
-6.181, -1.240, 0.43, 0 
-1.867, -0.5271, 0.43, 0 
 0.000, -0.5270, 0.43, 0 
… 
Case D: Growth laws for GII/GT=0.2 and 0.5 including threshold and static limit from Figures 
12 and 13 
… 
*FRACTURE CRITERION,TYPE=fatigue, mixed mode behavior=Tabular 
** log da/dN, log G, mode ratio, R ratio, temp  
-9.000, -1.302, 0.2, 0 
-7.546, -1.301, 0.2, 0 
-2.027, -0.644, 0.2, 0 
 1.000, -0.643, 0.2, 0 
-9.000, -1.223, 0.5, 0 
-5.766, -1.222, 0.5, 0 
-1.818, -0.491, 0.5, 0 
 1.000, -0.490, 0.5, 0 
… 
 
Table A2. ABAQUS/Standard® input for constant amplitude definition 
Case E: ABAQUS/Standard® input file for single growth law for *FATIGUE 
… 
*amplitude,name=per, DEFINITION=PERIODIC 
1,<omega>,0.,<A0> 
<A1>,<B1> 
… 
*fatigue, type=constant amplitude, time points=mypoints 
0.01,0.1,1E-9,0.05 
3,6,2000000,1.0 
*DEBOND,SLAVE=VCCT_TOP,MASTER=VCCT_BOT,FREQ=1 
*FRACTURE CRITERION,TYPE=fatigue, MIXED MODE BEHAVIOR=BK, 
TOLERANCE=<tol> 
<c1>,<c2>,<c3>,<c4>,<r1>,<r2>,<GIc>,<GIIc>, 
<GIIIc>,<eta> 
… 
*** SLB constant amplitude application 
*BOUNDARY,AMPLITUDE=per 
… 
